A new approach is developed to derive the complete spectrum of exact interdimensional degeneracies for a quantum three-body system in D-dimensions. The new method gives a generalization of previous methods.
two-electron system Herrick 
respectively [8] . These interdimensional degeneracies [5, [7] [8] [9] [10] [11] [12] [13] [14] were supposed [12, 9] sional degeneracies among doubly excited states of two-electron atoms has also been nicely elucidated [13] by means of the molecular orbital description. This link, between dimension and orbital angular momentum as a pervasive feature, can be used to classify groups of quasidegenerate doubly excited atomic energies and to explain striking similarities among certain pairs of hyperspherical or molecular-orbital two-electron potential curves [13] . Interdimensional degeneracies can also be used to construct part of the D-dimensional spiked harmonic oscillator and anharmonic oscillator bound-state spectra [15, 16] .
As is well known, dimensional scaling methods provide a powerful approach for studying atomic and molecular systems in D dimensions [5, [17] [18] [19] [20] [21] [22] , but much work has been confined to S-wave states and some P e states [7] [8] [9] which were obtained by exploiting a known interdimensional degeneracies between S e states in 5 dimensions
and P e states in 3 dimensions. Applications of dimensional scaling methods to higher angular momentum states of multi-electron systems are sparse [5, [7] [8] [9] [10] [11] [12] [13] [14] . Recently, by the method of group theory, Dunn and Watson developed a formalism for the Nelectron D-dimensional Schwartz expansion [23, 24] , and applied the principle method to the Schrödinger equation for two-electron system in an arbitrary D-dimensional space [25, 26] . The resulting set of coupled differential equations in the internal variables, enabling the methods of dimensional scaling to be applied to higher-angular-momentum
states. In addition, the coupled differential equations can show the complete spectrum of exact interdimensional degeneracies of two-electron system [25, 26] .
Despite the achievements outlined above, the method by Dunn and Watson [23] [24] [25] [26] seems quite complicated. To apply the methods of dimensional scaling to higherangular-momentum states, a formalism needs to be developed which factors the Ddimensional rotational degrees of freedom from the internal degrees of freedom. They have to make several steps to decompose an n-rank tensor to irreducible tensors by making use of the method of group theory [27, 28] . They first decomposed an n-rank It is worth pointing out that the set of variables r (1) , · · ·, r (N ) , r (1, 2) , r (1, 3) , · · ·,
is not a complete set of internal variables even in three dimensions [29] because they cannot describe the configuration uniquely. One can convince himself by the following counter example. For three-electron system in three-dimensions the six variables r (1) , r (2) , r (3) , r (1, 2) , r (1, 3) , and r in the formalism [23, 24] in detail.
In our recent paper [30] , we presented a new method of separating the rotational degrees of freedom from the internal degrees of freedom for three-body system in Ddimensions. After removing the motion of the center of mass there are two Jacobi coordinate vectors for a three-body system, just like two position vectors in two-electron system where the mass of nucleus is assumed to be infinite. An angular momentum state for a three-body system in D dimensions is described by the irreducible repre- The generalized radial equations satisfied by the generalized radial functions are easily derived explicitly [30] . The general interdimensional degeneracies for any angular momentum [µ, ν] can be found from the generalized radial equations, which is the main purpose of this Letter.
The plan of this Letter is as follows. In Sec. II, we outline the method given in our recent work and emphasize the derivation for the generalized radial equations for a quantum three-body system in D-dimensions. The reader is suggested to refer our published papers [29, 30] for the detail. The interdimensional degeneracies for this system will be demonstrated from the generalized radial equations in Sec. III. Some conclusions will be given in Section IV.
II. GENERALIZED RADIAL EQUATIONS IN D-DIMENSIONS
In our recent paper [29] we separated completely the global rotational degrees of freedom in the Schrödinger equation for an N-body system in the three-dimensional space from the internal ones. We have determined a complete set of (2l + 1) inde-pendent base-functions for a given total orbital angular momentum l, which are the homogeneous polynomials in the components of the Jacobi coordinate vectors and do not contain the Euler angles explicitly. The generalized radial equations which depend solely on internal variables are established. For the typical three-body system in three dimensional space, such as a helium atom [31] [32] [33] and a positronium negative ion [34] , the generalized radial equations have been solved numerically with high precision. This method was generalized to the arbitrary dimensional space for a three-body system.
After removing the motion of center of mass, the Schrödinger equation with a spherically symmetric potential V in D-dimensions can be expressed in terms of the Jacobi coordinate vectors x and y, where the atomic units (e =h = 1) are used for simplicity, [30] :
where r j and m j are the position vector and the mass of the j-th particle, respectively. 
The formula for Q When D = 4 we denote the highest weight states by Q (S)µν q (x, y) and Q (A)µν q (x, y) for the selfdual representations and the antiselfdual representations, respectively:
Obviously, the base-function Q µν q (x, y) is a homogeneous polynomial of degree q and (µ + ν − q) in the components of the Jacobi coordinate vectors x and y, respectively, and does not contain any angle variables explicitly. It is easy to check that Q µν q (x, y) satisfies following formulas:
Any wave function of this system corresponding to the highest weight M of the representation [µ, ν] can be expressed as a combination of the base-functions Q µν q (x, y),
where the coefficients ψ 
III. THE GENERAL INTERDIMENSIONAL DEGENERACIES
The radial equations (7) were derived without any approximation. This equations
The radial equations for ψ µ ν q in D dimensions where µ = µ + 1, ν = ν + 1 and
It is evident that the radial equations (7) are invariant under the replacement
yielding the complete spectrum of the exact interdimensional degeneracies between the In comparison with the interdimensional degeneracies discussed in literatures [5, [7] [8] [9] [10] [11] [12] [13] [14] , µ = l, ν = 0, and the parity is (−1) l .
Consider a system where two electrons move around a nucleus, such as a Ddimensional helium atom. It is a typical three-body system where the first and second particles are chosen to be two electrons and the third one is the nucleus. In the non-relativistic quantum mechanics, the concept of spin comes from the experimental results, not from the equation. As usual [5, 3] , we also assume that the spin of an electron in the D-dimensional space is 1/2, just as that in the real three dimensional space, and the total wave function of two electrons is antisymmetric in the permutation of them. Since the Jacobi coordinate vector x changes its sign in the permutation R of two electrons and y keeps invariant, we obtain from Eq. (2) 
In the permutation of two electrons Q These general interdimensional degeneracies include all those degeneracies discovered in literatures [5, [7] [8] [9] [10] [11] [12] [13] [14] .
IV. CONCLUSIONS
In this Letter we have provided a systematic procedure for analysis of observed degeneracies among different states in different dimensions and yielded considerable insight into the energy spectra of three body system. Since the generalized radial equations (7) for a quantum three-body system with a spherically symmetric potential V in D-dimensions are derived without any approximation [30] , the interdimensional degeneracies given at the end of the preceding section are exact and general. This general interdimensional degeneracies for a three-body systems should be generalized to N-body system, which is our future task.
Before ending this Letter we would like to make a remark. The energy E is completely determined by the solution of the coupled differential equations (7) with a suitable boundary conditions, although we could not solve Eq. (7) analytically but only numerically. Since the equations for two states in the general interdimensional degeneracies are exactly the same, their energies must be the same. However, in the practical numerical calculations [31] [32] [33] [34] we expanded the solutions as a Taylor series in the orthogonal bases, which depend on the integral in the configuration space. As pointed out in Eq. (44) of our recent paper [30] the volume element of the configuration space contains a factor (ξ 1 ξ 2 − ξ 
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